TUTORIAL NOTES FOR MATH4220

JUNHAO ZHANG

1. LOCAL PROPERTIES FOR SOLUTIONS OF THE PARABOLIC EQUATIONS

Let us investigate various properties for the solution of the heat equation. Denote
QR(to,mo) = (to — R27t0] X BR(IL'()) and QR = QR(0,0)

Example 1. Let u € C%2 such that 9,u — Au = 0 in Qr(to, zo) for some (to, z¢) €
R x R™ and R > 0. Then,
C
| Doulto, zo)l < S llullrr(@n(to,eo))-
In general, for § € N and multi-index o = (v, ..., ) € N™,

CLQ‘+2‘BI+16|°“+25_1(|04‘ +28)!

10 DSulto, x0)| < Rlal+28 Nzt @ to o))

where |a| = a1 + - + .

Proof. Tt suffices to consider the case for (¢g, ) = (0,0) and 8 = 0.
For |af < 1. Let (t,z) € Q1p, choose a cutoff function ¢ € C*°(Qr) with
suppy C Q%R and ¢ =1 in Q%R, then set

V= (p(S,y)F(t -5 = y)7

where T'(t — s,x — y) = [4dw(t — s)] ze 1) H(t — s). Since u is the solution of
the heat equation, therefore

0=v(0su — Ayu) = 0s(uwv) + Vy - (uVyv — vVyu) — u(0sv + Ayv).

For any ¢ > 0, integrate the above equation with respect to (s,y) in (—R?,t —¢) x
Bpg, then

/B ot — e y)ult — e, y)T(e,x — y)dy

:/ _E/ “(37?/)85(@(8ay)F(t — S8, r — y))dyds
—r2 JBg
* /_Rz /B u(s, y)Ay((s,y)T(E = 5,2 = y))dyds,

let € — 0,

utr) = [ [ e 00n s, 0 )

t
+ / / A?!(SD(&y)F(t - S5,T— y))dydsa
—R2?2 JBpR
1
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since O,I'(t — s,z —y) + A'(t — s, —y) = 0 for s < t, therefore
0
uta) = [ [ s @uplon) + Aol )T (E = 5. — ) dds
- R
0
[ uls2Vies. ) VLG s - )dyds.
—R?> JBg
Note that 0,0 = Vyp = Ayp =0in Q%R and QR/Q%R, then

Vu(t,z) = / /Q o, u(s,4) (0sp(5,9) + Ayipls, ) VaT(t — 5,2 — 4))dyds

+ // u(s,y)2Vyp(s,y) - VoV I'(t — s, — y)dyds.
QR/Q%R

Since there exists a constant C' > 0 such that
05| + [Aypl < C, |[Vyp| <C,
then

Vau(t,z)| < C / / (VLT (t— 5,2~ )|+ [V VTt =5, 5 —)u(s, 1) |dyds.
QR/Q%R

By the explicit expression for I'(t — s,z — y),

_lz—y)?
e =9 \vayﬂ <C,

[z —y|
{55+
since for (t,z) € Q1p and (s,y) € Q%R/Q%R,

1 lz—y|?

—gnc 7 =Omi=l2

i O JT

|Vw1—‘| S Cn (t — S)%+2 4(t—s) s

lt—y| <R, 0<t—s<R,

then
02
Vou(t,2)l < —Zllullrr@n),
for all (¢,x) € Q1g, therefore

ca
V2u(0,0)] < ZHl[ull e @n)-

For |a| > 2, we prove the result by induction. Suppose for |a| < k—1, it is valid
that
Ot el !
(0,0 < S g,
where |a| = a3 + -+ 4+ a,. Now for arbitrary multi-index a with |a| = k, there
exist some 7 € {1,...,n} and multi-index o’ with || = k — 1 such that

Dgu = 8ziD§/u,
since D?lu is also a solution of the heat equation, then by the similar discussion as
above, for 0 < 0 < 1,

02

00,0 0(0,0) < 4108 2@y
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Since for (t,7) € Q-s)r, Qor(t,r) C Qr, therefore by the induction assumption,

o cle I+ ela’ =1 /|1
Pt ol < G gpgetgern e @

Let 6 = %, then

1
m < 6(|O/‘ + 1),

therefore ol +1
Conr e|a\—1|a|!
|Dgu(0,0)] < nTHuHLl(QR)'

O

Example 2. Let u € C%2 such that 9,u — Au = 0 in Qr(to, zo) for some (tg, z¢) €
R x R™ and R > 0, then for arbitrary t € (to — R?, t], u(t,-) is analytic in Bg(zo).

Proof. For arbitrary t € (tg — R?,to], to prove u(t,-) is analytic in Br(zo), we
show u(t,-) can be represented by a convergent power series in a neighborhood of
arbitrary 2’ € Bg(zo).

Denote

1
ri= Zdist(m',aBR(xo)).
For each z € B,(z'), we have Q,(t,x) C Qa,(t,2’), then

o Crtrelelta)l
|DSu(t, z)| < WHM&%Q%UJ’))'

Consider the Taylor series for u at yq,

Sxtry= 3 BT e

al
la|<N—1

we claim that Sy (¢,x) converges provided z € B.(z') with 0 < ¢ <
denote the remainder term

Ry(t,z) :=u(t,z) — Sn(t,x) = Z
la]=N

for some 0 < 6 < 1. Then for x € B.(a),

CN+1eN-1 r \V
|RN(t, 2)| <Cllull Ly (@ (t.a27)) Z W (C’,,(f)

jal=N

T
n

- Indeed,

Dou(t,z’ +0(x — a'))(x — )™
al

)

Cy
<Cllull L2 (Qart.0) 5ag
therefore by letting N goes to infinity, we have
lim |Ry(t,x)| =0,
N—o00
which implies that Sy (¢, z) converges to u(t, x). O

Remark 3. The solution of the heat equation is not necessarily analytic in ¢. For
example, consider
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then w is a solution of the heat equation in (—oo,00) x (1,00) but is not analytic
in t.

A Supplementary Problem

Problem 4. Let M C R"™! and u € C%2(M) is a solution of the heat equation. Let
(to,xo) € OM be the local maximal point of u. If there exists a ball B,.(tg, z¢) C M
such that OM N Br(to,l‘o) = {(to, Ilfo)}, then

ou
%(th SC()) > 07

where v = @7“’7@ In particular, if OM is C! at (tg, 7o), then v is the inward
unit normal to M at the point (¢g, zo).

For more materials, please refer to [1, 2, 3, 4].
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