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1. local properties for solutions of the parabolic equations

Let us investigate various properties for the solution of the heat equation. Denote
QR(t0, x0) := (t0 −R2, t0]×BR(x0) and QR := QR(0, 0).

Example 1. Let u ∈ C1,2 such that ∂tu−∆u = 0 in QR(t0, x0) for some (t0, x0) ∈
R× Rn and R > 0. Then,

|Dxu(t0, x0)| ≤
C

R
∥u∥L1(QR(t0,x0)).

In general, for β ∈ N and multi-index α = (α1, ..., αn) ∈ Nn,

|∂β
t D

α
xu(t0, x0)| ≤

C
|α|+2|β|+1
n e|α|+2β−1(|α|+ 2β)!

R|α|+2β
∥u∥L1(QR(t0,x0)),

where |α| = α1 + · · ·+ αn.

Proof. It suffices to consider the case for (t0, x0) = (0, 0) and β = 0.
For |α| ≤ 1. Let (t, x) ∈ Q 1

4R
, choose a cutoff function φ ∈ C∞(QR) with

suppφ ⊂ Q 3
4R

and φ ≡ 1 in Q 1
2R

, then set

v = φ(s, y)Γ(t− s, x− y),

where Γ(t − s, x − y) = [4π(t − s)]−
n
2 e−

|x−y|2
4(t−s) H(t − s). Since u is the solution of

the heat equation, therefore

0 = v(∂su−∆yu) = ∂s(uv) +∇y · (u∇yv − v∇yu)− u(∂sv +∆yv).

For any ε > 0, integrate the above equation with respect to (s, y) in (−R2, t− ε)×
BR, then ∫

BR

φ(t− ε, y)u(t− ε, y)Γ(ε, x− y)dy

=

∫ t−ε

−R2

∫
BR

u(s, y)∂s(φ(s, y)Γ(t− s, x− y))dyds

+

∫ t−ε

−R2

∫
BR

u(s, y)∆y(φ(s, y)Γ(t− s, x− y))dyds,

let ε → 0,

u(t, x) =

∫ t

−R2

∫
BR

u(s, y)∂s(φ(s, y)Γ(t− s, x− y))dyds

+

∫ t

−R2

∫
BR

∆y(φ(s, y)Γ(t− s, x− y))dyds,

1
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since ∂sΓ(t− s, x− y) + ∆yΓ(t− s, x− y) = 0 for s < t, therefore

u(t, x) =

∫ 0

−R2

∫
BR

u(s, y)(∂sφ(s, y) + ∆yφ(s, y))Γ(t− s, x− y))dyds

+

∫ 0

−R2

∫
BR

u(s, y)2∇yφ(s, y) · ∇yΓ(t− s, x− y)dyds.

Note that ∂sφ ≡ ∇yφ ≡ ∆yφ ≡ 0 in Q 1
2R

and QR/Q 3
4R

, then

∇xu(t, x) =

∫ ∫
Q 3

4
R
/Q 1

2
R

u(s, y)(∂sφ(s, y) + ∆yφ(s, y))∇xΓ(t− s, x− y))dyds

+

∫ ∫
Q 3

4
R
/Q 1

2
R

u(s, y)2∇yφ(s, y) · ∇x∇yΓ(t− s, x− y)dyds.

Since there exists a constant C > 0 such that

|∂sφ|+ |∆yφ| ≤ C, |∇yφ| ≤ C,

then

|∇xu(t, x)| ≤ C

∫∫
Q 3

4
R
/Q 1

2
R

(|∇xΓ(t−s, x−y)|+ |∇x∇yΓ(t−s, x−y)|)|u(s, y)|dyds.

By the explicit expression for Γ(t− s, x− y),

|∇xΓ| ≤ Cn
|x− y|

(t− s)
n
2 +1

e−
|x−y|2
4(t−s) , |∇x∇yΓ| ≤ Cn

|x− y|2 + (t− s)

(t− s)
n
2 +2

e−
|x−y|2
4(t−s) ,

since for (t, x) ∈ Q 1
4R

and (s, y) ∈ Q 3
4R

/Q 1
2R

,

|x− y| ≤ R, 0 < t− s ≤ R,
1

(t− s)
n
2 +i

e−
|x−y|2
4(t−s) ≤ Cn, i = 1, 2,

then

|∇xu(t, x)| ≤
C2

n

R
∥u∥L1(QR),

for all (t, x) ∈ Q 1
4R

, therefore

|∇xu(0, 0)| ≤
C2

n

R
∥u∥L1(QR).

For |α| ≥ 2, we prove the result by induction. Suppose for |α| ≤ k− 1, it is valid
that

|Dα
xu(0, 0)| ≤

C
|α|+1
n e|α|−1|α|!

R|α| ∥u∥L1(QR),

where |α| = α1 + · · · + αn. Now for arbitrary multi-index α with |α| = k, there
exist some i ∈ {1, ..., n} and multi-index α′ with |α′| = k − 1 such that

Dα
xu = ∂xi

Dα′

x u,

since Dα′

x u is also a solution of the heat equation, then by the similar discussion as
above, for 0 < θ < 1,

|∂xiD
α′

x u(0, 0)| ≤ C2
n

(1− θ)R
∥Dα′

x u∥L1(Q(1−θ)R).
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Since for (t, x) ∈ Q(1−θ)R, QθR(t, x) ⊂ QR, therefore by the induction assumption,

|Dα′
u(t, x)| ≤ C

|α′|+1
n e|α

′|−1|α′|!
(1− θ)θ|α′|R|α′|+1

∥u∥L1(QR).

Let θ = m
m+1 , then

1

(1− θ)θ|α′| < e(|α′|+ 1),

therefore

|Dα
xu(0, 0)| ≤

C
|α|+1
n e|α|−1|α|!

R|α| ∥u∥L1(QR).

□

Example 2. Let u ∈ C1,2 such that ∂tu−∆u = 0 in QR(t0, x0) for some (t0, x0) ∈
R×Rn and R > 0, then for arbitrary t ∈ (t0 −R2, t0], u(t, ·) is analytic in BR(x0).

Proof. For arbitrary t ∈ (t0 − R2, t0], to prove u(t, ·) is analytic in BR(x0), we
show u(t, ·) can be represented by a convergent power series in a neighborhood of
arbitrary x′ ∈ BR(x0).

Denote
r :=

1

4
dist(x′, ∂BR(x0)).

For each x ∈ Br(x
′), we have Qr(t, x) ⊂ Q2r(t, x

′), then

|Dα
xu(t, x)| ≤

C
|α|+1
n e|α|−1|α|!

(2r)|α|
∥u∥L1(Q2r(t,x′)).

Consider the Taylor series for u at y0,

SN (t, x) =
∑

|α|≤N−1

Dα
xu(t, x

′)

α!
(x− x′)α,

we claim that SN (t, x) converges provided x ∈ Bε(x
′) with 0 < ε < r

Cne
. Indeed,

denote the remainder term

RN (t, x) := u(t, x)− SN (t, x) =
∑

|α|=N

Dα
xu(t, x

′ + θ(x− x′))(x− x′)α

α!
,

for some 0 ≤ θ ≤ 1. Then for x ∈ Bε(x
′),

|RN (t, x)| ≤C∥u∥L1(Q2r(t,x′))

∑
|α|=N

CN+1
n eN−1

(2r)N

(
r

Cne

)N

≤C∥u∥L1(Q2r(t,x′))
Cn

2Ne
,

therefore by letting N goes to infinity, we have

lim
N→∞

|RN (t, x)| = 0,

which implies that SN (t, x) converges to u(t, x). □

Remark 3. The solution of the heat equation is not necessarily analytic in t. For
example, consider

u(t, x) =

{
t−

1
2 e−

x2

4t , x > 1, t > 0,

0, x > 1, t ≤ 0,
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then u is a solution of the heat equation in (−∞,∞) × (1,∞) but is not analytic
in t.

A Supplementary Problem

Problem 4. Let M ⊂ Rn+1 and u ∈ C1,2(M) is a solution of the heat equation. Let
(t0, x0) ∈ ∂M be the local maximal point of u. If there exists a ball Br(t0, x0) ⊂ M

such that ∂M ∩Br(t0, x0) = {(t0, x0)}, then
∂u

∂v
(t0, x0) > 0,

where v = (t−t0,x−x0)
r . In particular, if ∂M is C1 at (t0, x0), then v is the inward

unit normal to ∂M at the point (t0, x0).

For more materials, please refer to [1, 2, 3, 4].
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